This paper establishes the equivalent relationships between the half-sinusoidal load, triangular load, vertical stepwise load, and moving traffic load. The governing equation was established for analyzing the dynamic responses of pavement, and half-sinusoidal load, triangular load, and vertical stepwise load functions were transformed into Fourier series expressions. The partial differential governing equations were simplified as ordinary differential equations and the analytical solutions were obtained. Further, the solutions were validated through comparing the theoretical results with numerical simulated results. Calculation results revealed that, for unchanged load periods, increasing the amplitudes of the three loads by 1.06, 1.31, and 1.35 times can better simulate the moving traffic loads. For unchanged load function amplitudes, increasing the function periods by 1.07, 2.23, and 2.1 times (for half-sinusoidal, triangular, and vertical stepwise loads, resp.) can improve the simulation performance. The fatigue life of asphalt pavements under the moving traffic load agrees with that of the three load simulations, indicating that the fatigue life of asphalt pavements is only associated with the load amplitude but not the load patterns.
Introduction
Due to the excellent suitability for vehicles, asphalt pavements have become the preferred pavement structure type in highway construction in many countries. Owing to increasing traffic volume, vehicle loads, and vehicle speed on highways in recent years, the requirements for pavement structure reliability and durability have increased. Nevertheless, the mismatch between the growing highspeed heavy-load highway transportation demands and the insufficient lifespan of pavement restricts highway development [1, 2] . One important factor is the use of the static pavement design system in China, which can hardly assess the actual stress on the pavements and therefore cannot reasonably explain and control the early-stage damages on the pavements. Hence, research of the dynamic response laws of asphalt pavements is significant to analyze pavement damage mechanisms and enhance pavement life spans.
The current focuses in road research have become studying the kinetic behavior of pavement structures under traffic load, discovering the pavement damage mechanism, and how to switch from a static pavement design to a dynamic one. Over recent years, road researchers have conducted many indoor and outdoor studies on the dynamic response of asphalt pavements and formulated various methodologies to refine the design of asphalt pavements [3] . In the past decade, owing to development of computers with high computing powers, different finite methodologies have become effective tools in simulating pavement kinetics and have gained more importance [4] [5] [6] [7] [8] . Although finite methodologies consider precise geometric models, actual material structures, and contact stresses of the tires, their calculations are relatively complicated and mesh generation is often required. The number of mesh generations affects the calculated results and the computing process is often time-consuming [9] . Some researchers carried out tracking surveys on asphalt pavements in use and conducted long-term monitoring of the structural behavior of pavements and thereby established models in which various factors affect pavement properties [10] [11] [12] . However, this type of study demands relatively long test periods and is labor-and resource-intensive, but 2 Mathematical Problems in Engineering the results obtained are only applicable to certain specific pavement environments, materials, and load conditions.
It is well known that many literatures analyzed the traffic load with a fixed location of load application, but a changing load size and half-sinusoidal load functions can better simulate actual traffic loads. Many researchers often replaced the actual traffic load with the impulsive load and input the latter in finite calculation models for the dynamic response of asphalt pavements [9, [13] [14] [15] [16] . However, until now, no researcher has applied the method of analytic solution and analyzed the dynamic response of asphalt pavements under half-sinusoidal, triangular, and vertical stepwise load.
Therefore, by analyzing the research results from previous studies, this paper aims at establishing the governing equations of pavement dynamic responses based on the characteristics of semirigid base asphalt pavements, the elastic layer system theory, and soil constitutive equations. Half-sinusoidal load, triangular load, and vertical stepwise load functions were transformed into Fourier calculation expressions and introduced into the governing equations. The governing equation will be solved analytically and verified by comparing the analytic results with the numerical simulated ones. Based on the methodology, the load equivalence will be established in terms of rutting and fatigue life.
Dynamic Response of Asphalt Pavements under Different Load Conditions

Loading Patterns of Dynamic Load.
There are mainly three loading patterns currently employed in pavement dynamic response analyses: half-sinusoidal impulsive load [17] , triangular impulsive load [18] , and vertical stepwise load [15, 19] . Their loading patterns are shown in Figure 1 . By controlling their amplitudes and periods, different actual loading patterns can be simulated. The expressions for the three different impulsive load functions are as follows.
(1) The sinusoidal impulsive load function can be expressed as
(2) The triangular impulsive load function can be expressed as
(3) The vertical stepwise load function can be expressed as
Establishment of Governing Equations.
The layout of soil foundation and pavement system in this paper was a two-dimensional and eight-layered model, including upper, middle, and lower pavement surface layers, upper, middle, and lower pavement base layers, and upper and lower foundation layers, as shown in Figure 2 . Pavement surface, pavement base, and foundation layers were considered to be dry elastic media. Neglecting the compressibility of solid grains in the asphalt mixture, the foundation was fixed on the rigid roadbed at a certain depth; therefore, the displacement of the foundation at a certain depth could be taken as zero. The horizontal width of the structural layers in all pavement systems was set to be infinite. The dynamic governing equations were formulated based on this model [16] . The subject of this study is asphalt concrete pavement, which in general will be regarded as a continuous medium. Different materials have different properties, for instance, asphalt concrete has a higher porosity and a greater overall material strength than soil. Therefore, corresponding to the actual situation, a rutting model suitable for asphalt concrete pavement is established in this study to analyze the rutting formation. The following assumptions were made in setting up the mathematical model.
(1) The deformation of the asphalt concrete is very small. No consideration will be made of the gradual compaction process of the pavement and the shrinkage process of the pores. Without taking water into account, the following governing equations are obtained [20] :
In (4), x and z are the positive stresses of the solids along the x and z directions, respectively (units: Pa), and zx is the shear stress along the x-z plane (units: Pa).
For the two-dimensional planar strain problem, the following expressions are obtained from Hooke's principle of stress and strain with damping property of the material:
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On the right side of (4), the minus sign designates that the value of a compressive stress is positive. and (units: Pa) are the effective stresses along the horizontal (x) and vertical (z) directions, respectively; and (units: -) are the strains along the x and z directions, respectively; and (units: -) are the displacements along the x and z directions, respectively; ] is the Poisson ratio; and * (units: Pa) is the dynamic shear modulus of the solid material [21] .
where (units: -) is the damping coefficient of the material and G (units: Pa) is the static shear modulus of the solid material.
For the pavement layers, the base layers, and the subgrade, the dynamic governing equations are shown in (10) , where i is a layer indicator from1 to 8, designating the upper surface layer, the middle surface layer, the lower surface layer, the upper base layer, the middle base layer, the lower base layer, the upper subgrade, and the lower subgrade, respectively:
In reality, when a vehicle passes through the pavement surface, the load changes in magnitude and location. The dynamic load acting on the pavement structure has two components: (1) changes in the location where the force is applied and (2) changes in the magnitude of the force. The dynamic load acting on the pavement structure is often classified into the following three classes: the moving load, the impact load, and the random load [20] . The random load is the closest to the true load situation on the pavement, but it is relatively difficult to simulate. Both the impact load and moving load can reflect the mobility nature of load movement. The magnitude of the moving load is constant while that of the impact load changes with time. When the pavement surface is relatively smooth and the vehicles vibrate relatively mildly, the effect of the vehicles on the pavement surface can be described by the moving load. Many literatures consider the traffic load as a load with fixed application location but a changing magnitude, and its variation pattern is often represented by half-sinusoidal load function [17, 22, 23] .
Fourier Transformations for Different Loading Patterns.
In two-dimensional situations, the load applied can be expanded with the Fourier series. After the load passes through a certain point, the dynamic response at that location will gradually diminish until next load application. Assuming the time for the load to be applied once as t 0 (t 0 =2l/c) (units: s), the time interval between the first load application and the next one is t 1 (t 1 =2L/c) [24] , with load amplitude F (units: N), load width 2l (units: m), moving speed c (units: m/s), and distance between two loads 2L.
The three different load functions can be expressed with the Fourier series as follows.
(1) The sinusoidal impulsive load function can be expressed with the Fourier series as follows:
In the equation m = 2 m/T, T is the distribution period of the sinusoidal load, which was set to be 2L/c in this paper, m is a constant, and c is the loaded driving speed under the actual situation, ranged from -∞ to +∞ (this is applied to (13) and (15)).
According to the Fourier transformation, can be represented as
The triangular impulsive load function can be expressed with the Fourier series as follows:
The vertical stepwise load function can be expressed with the Fourier series as follows [16, 25, 26] :
General Solutions for Governing Equations
Linearization of Governing Equations. For a linear
system, an arbitrary function (x, z, t) can be expressed as the sum of a series of linear harmonic functions [24] , which can be written as
In (17), Φ m (z)=Φ m is a function of the single independent variable z. It is an m-th harmonic function, while the exponential function is only a function of x-ct. Accordingly, the governing equation of the entire system can be written in the following form:
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The parameters in the above equations are (i=1∼8)
The general solution of the governing equation may be expressed as follows:
After simplification,
, and q (j=1∼4) are the roots of the 4th-order polynomials in
The solutions (roots) can be obtained through numerical methods (e.g., MATLAB program).
Boundary Conditions and Solution.
In order to solve the governing equation, it is necessary to obtain the integration constant A ijm (i=1∼8, j=1∼4).
At the top of the upper surface layer (z=0): 1xz =kF (k is coefficient of rolling friction), 1z =F.
At the bottom of the upper surface layer (z=H 1 ), the boundary condition of the displacement is 1x = 1 and 1z = 2 .
Then, the group of equations for the boundary condition can be written as
The boundary conditions for the middle surface layer, the lower surface layer, the upper base layer, the middle base layer, the lower base layer, and the upper subgrade (i=2∼7) are
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In the lower subgrade model, the boundary conditions are listed as follows.
At the interface between the lower subgrade and upper subgrade (z=H 7 ), the boundary conditions for the displacements are x = 71 and z = 72 .
At the interface between the lower subgrade and upper subgrade (z=H 7 ), the boundary conditions for the stress are xz = H7 and z (H 4 )= H7 .
At the bottom of the lower subgrade (z=H 8 ), the boundary conditions of the displacements are x =0 and z =0. Then, a group of equations for the corresponding boundary conditions can be written as
For all the groups of equations of the boundary conditions shown above, the numerical methods can be used to obtain the displacement ( ix and iy ), the positive stress ( Hi ), and the shear stress ( Hi ). These solutions can then be substituted into the general expressions for the corresponding dynamic governing equations of the subgrade pavement system under a moving load. The solutions for the displacements can be expressed of the form
( , , ) = Re
In addition, the expressions of the shear stress and the positive stress are
The expressions for the vertical normal stress and vertical normal strain acting on the pavement system under the halfsinusoidal impulsive load are
= Re
The expressions for the vertical normal stress and vertical normal strain acting on the pavement system under the triangular load are
The expressions for the vertical normal stress and vertical normal strain acting on the pavement system under the vertical stepwise load are
Evaluation Method for Rutting and Fatigue Life of Asphalt Pavement
There were four loading patterns in this paper (i.e., halfsinusoidal load, triangular load, vertical stepwise load, and moving load (in two-dimensional situations, moving load could be simplified into strip load, which was shown in Figure 2) ). The moving load can most accurately represent the actual traffic loading pattern. The three other load functions (half-sinusoidal load, triangular load, and vertical stepwise load) only simplify the moving load. In order to establish the equivalence and conversion relationship between the three load functions and the moving load pattern, this paper utilized the rutting of pavement and fatigue life as control indices for equivalence calculation. Hence, the application periods (time) and amplitudes (load peak value) under the three load conditions have been confirmed.
Method for Rutting Calculation.
Asphalt mixture is a temperature-sensitive material, and its road performance is closely related to its temperature sensitivity. Rutting usually occurs easily under high temperatures and changes with temperatures. Being a composite material, asphalt mixture is a classic complex of elasticity, viscosity, and plasticity. On the one hand, under low temperatures and a small deformation range, its behavior is close to a linear elastic body; on the other hand, under high temperatures and a wide deformation range, it behaves as a viscoplastic body. In the transition zone under normal temperatures, it is a normal viscoelastic body. Owing to vehicle loading, the properties of the asphalt mixture become highly complex. In the actual application situations, it is usually an inelastic body, with irreversible deformation after unloading. With reference to the pavement design guidelines in AASHTO [10] , the following can be obtained:
p is the cumulative permanent deformation (units: -), r is the recovery strain (units: -), N is the number of axle loadings at cumulative permanent deformation (units: -), T is the temperature at the surface of the asphalt pavement (units:
RD is the rutting depth on asphalt-concrete pavement surface layer (units: m), Nis the number of asphalt layers (units: -), ( p ) i is the vertical plastic strain in the middle of the i-th asphalt layer (units: -), ûℎ i is the thickness of the i-th asphalt layer (units: m).
Method for Fatigue Life Calculation.
Overloading or insufficient structural strength of the surface layer usually causes an enormous tensile strain. The following can be obtained using the pavement design guidelines in AASHTO [10] to define the fatigue life:
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f is the number of axle loadings (units: -), E is the elastic modulus (units: MPa), t is the tensile strain at the surface of the asphalt pavement (units: -), C is the coefficient associated with the asphalt mixture volume (units: -), k is the coefficient associated with the asphalt mixture thickness(units: -).
Model Validation and Analysis
Model Validation.
This paper compared the theoretical calculation results to those from numerical simulations to configure the application periods of the three load conditions (half-sinusoidal load, triangular load, and vertical stepwise load). Their respective amplitudes were obtained through the comparison between the rutting under the three load conditions and the rutting under the moving traffic load. With the new load amplitudes and application periods, mutual conversion relationships were established to confirm that the three load conditions can provide a better simulation of the dynamic responses of asphalt pavements under the moving traffic load. The structure of the asphalt pavement adopted in the analysis is shown in Figure 3 .The parameters of the asphalt mixture are shown in the Tables 1, 2 , and 3 [27, 28] .
The pavement structure [29] size was 6 m × 3 m × 3 m in length, width, and height, as shown in Figure 4 . The model adopted the form of C3D8R unit, and the surface layer divided a grid every 1cm along the depth direction. There were 266400 elements in the surface layer. The base layer divided a grid every 2cm along the depth direction, and the model had a total of 454,400 elements, as shown in Figure 5 .
For a scenario with a vehicle speed c=20m/s, a tire pressure F=0.7MPa, a rolling friction coefficient k=0.02, and temperature 40 ∘ C, the dynamic response of the structure of the asphalt pavement and the rutting of the asphalt pavement were calculated with the theoretical analytic solutions established in this paper and the finite software ABAQUS. The results were shown in Figure 6 . A rolling friction coefficient k=0.02, ALN=10000, and the calculation results of RD for different temperatures of 20 ∘ C, 30 ∘ C, 40 ∘ C, 50 ∘ C, and 60 ∘ C were shown in Figure 7 .
As shown in Figures 6 and 7 , the theoretical calculation values and the finite calculation results agreed well for the rutting of the asphalt pavement under loading, proving the validity of the theoretical analytic solutions derived for the dynamic responses of the asphalt pavement under different loading patterns.
As shown in Figures 6 and 8 , the calculated rutting of the asphalt pavement under the moving traffic load was 1.06, 1.31, and 1.35 times of those under the sinusoidal, triangular, and vertical stepwise load functions. This indicated that the sinusoidal load is capable of better simulating the moving traffic load whereas the triangular and vertical stepwise load functions result in certain errors in simulating the moving traffic load. 
Loading Equivalence
Rutting as a Control Index.
As all the three load conditions resulted in errors in simulating the moving traffic load, this paper improved the following two aspects of the three load conditions such that they can well simulate the moving traffic load. The first method to improve the load conditions was altering the amplitudes of the three load functions whilst keeping their periods unchanged to simulate the moving traffic load. The second method was to change the periods of the three load functions with their amplitudes unchanged (a) Keeping the Load Periods Unchanged. The first change was intended to eliminate the errors in simulating the moving traffic load through varying the load amplitudes yet keeping the load periods unchanged. The calculation results are as shown in Figure 9 (ALN is the axle load number). As shown in Figure 9 , after amplitude modification, the new sinusoidal, triangular, and vertical stepwise load functions (increasing the amplitudes of the three load functions by 1.06, 1.31, and 1.35 times, resp.) resulted in rutting almost identical to that from the moving traffic load. This suggested that, while maintaining the same periods, amplitude modification of the three load functions can bring about better simulation of the moving traffic load and eliminate the simulation errors. As shown in Figure 10 , with longer sinusoidal load periods, the rutting of the asphalt pavement was greater. When the period is increased by 1.07 times, the rutting thereby calculated was basically the same as that calculated under the moving traffic load. This demonstrated that when the sinusoidal load function is employed to simulate the moving traffic load, better simulation results can be achieved and the simulation errors can be reduced by increasing the load period (1.07 times) yet keeping the load amplitude unchanged.
As shown in Figure 11 , with longer triangular load periods, the rutting of the asphalt pavement is greater. When the period was increased 2.23 times, the rutting thereby calculated and that under the moving traffic load are more or less identical. This suggests that when the triangular load function was applied to simulate the moving traffic load, better simulation results can be achieved and the simulation errors can be eliminated by increasing 2.23 times of the load period, while keeping amplitude fixed.
As shown in Figure 12 , the rutting of the asphalt pavement increases with vertical stepwise load periods. As the period is increased 2.1 times, the rutting calculated is basically the same as that calculated under the moving traffic load. This suggests that when the vertical stepwise load function is applied in moving traffic load simulation, increasing 2.1 times of the load period but keeping the same load amplitude can provide better simulation results and reduce the simulation errors. As shown by the above two methods, regardless of whether the load amplitudes or the load periods were altered, the moving traffic load was well simulated. 
(c) Effects of Material Parameters on Load Periods and
Amplitudes. From (34), (36), and (38), the responses of the pavement system are related to not only the load amplitudes, but also the material parameter of the system. The materials of the system were varied to analyze the effects of pavement material parameters on the multiple relationships between the load periods and amplitudes. The pavement structural pattern is as shown in Figure 13 and the pavement mixture parameters are as shown in Table 4 . For a scenario with a vehicle speed c=20m/s, a tire pressure F=700000Pa, a rolling friction coefficient k=0.02, and temperature 15 ∘ C, the dynamic response of the structure of the asphalt pavement and the rutting of the asphalt pavement were calculated with the theoretical analytic solutions established in this paper. The results are as shown in Figure 14 .
Comparing Figures 14-17 with the previous Figures 9-12 , it is found that, after changing the pavement materials, increasing the amplitudes of the three load functions by 1.06, 1.31, and 1.35 times of the load amplitudes of the halfsinusoidal, triangular and vertical stepwise load functions while keeping load periods unchanged allows good simulation of the moving traffic load. Moreover, when the load amplitudes are kept unchanged and the sinusoidal, triangular, and vertical stepwise load function periods are increased by 1.07, 2.23, and 2.1 times, respectively, a good simulation of the moving traffic load is achieved. Hence, changing the material parameters of the pavement has no effect on the multiple load-period relationships of the three load functions. Index. From (35) , the relationship between the pavement fatigue life f and the tensile strain t is an exponential function ( Figure 18) . Thus, for a fixed pavement structure, the pavement fatigue life is 
Pavement Fatigue Life as a Control
where a is a constant that needs to be determined. For a scenario with a vehicle speed c=20m/s, a tire pressure F=700000Pa, a rolling friction coefficient k=0.02, and temperature 15 ∘ C, the dynamic response of the structure of the asphalt pavement was calculated with the theoretical analytic solutions established in this paper. The results are as shown in Table 5 .
As shown in Table 5 , the tensile strains on the pavement surface under the three load functions have the same values, suggesting that the tensile strains are only associated with the load size but not the loading patterns. The comparison revealed that the pavement surface tensile strain under the moving load was 1.1 times of that under the three load functions.
Combination of Rutting and Fatigue Life Indexes.
As aforementioned, when the rutting of pavement was considered as the control index, for the unchanged load periods for the four load conditions, the amplitude of the moving traffic load was 1.06, 1.31, and 1.35 times of the amplitude of the sinusoidal, triangular, and vertical stepwise load functions. When the load amplitudes were kept unchanged, the period of the moving traffic load was 1.07, 2.1, and 2.23 times the halfsinusoidal, triangular, and vertical stepwise load functions, respectively. On the other hand, when the fatigue life was employed as the control index, only the load amplitudes of the four load conditions were relevant, but not the load periods. Under the same peak loads, the tensile strains at the pavement base were identical for the sinusoidal, triangular, and vertical stepwise load functions. However, the pavement base tensile strain under the moving traffic load was twice that under the three load functions. Thus, in order to ensure the equivalent rutting and fatigue life under the four load conditions simultaneously, the relationship between the peak load values and the load periods was obtained through comparison during application and is shown in Table 6 .
Conclusions
This paper derived the explicit analytic solutions to dynamic response of asphalt pavements under three impulsive load conditions and compared the results with the calculated results by the finite software ABAQUS to verify the validity of the explicit analytical solutions derived. This can provide theoretical supports for the treatment of rutting of asphalt pavement with theoretical bases, which is of practical importance to asphalt pavement projects. In order to establish the equivalence between four loading types (i.e., half-sinusoidal load, triangular load, vertical stepwise load, and moving load), the rutting and fatigue life of asphalt pavement were calculated in terms of keeping load amplitude and load period unchanged, respectively. Through comparison analysis, some conclusions can be drawn as follows.
(1) Keeping the periods of the three load functions unchanged, their amplitudes are varied (increasing 1.06 times of half-sinusoidal load, 1.35 times of triangular load, and 1.31 times of vertical stepwise load functions, respectively) to reduce their simulation error against the moving traffic load. This allows a better simulation of the moving load condition.
(2) The amplitudes of the three load functions remain unchanged while their periods are varied (increasing 1.07 times of the half-sinusoidal load, increasing 2.23 times of the triangular load, and increasing 2.1times of the vertical stepwise load). This results in a better simulation of the moving load condition and reduced simulation errors.
(3) Regardless of whether the load amplitudes or the load periods are altered, the moving traffic load is well simulated. This excellently proves the "time-load equivalence" principle.
(4) Modifying the material parameters of the asphalt pavement has no effects on the multiple relationships of the periods and amplitudes between the three simulation load conditions and the calculated results of the moving traffic load.
(5) The fatigue life of the asphalt pavement is only related to peak load value, but not the loading patterns.
(6) In order to ensure the equivalent rutting and fatigue life under the four load conditions simultaneously, the relationship between the peak load values and the load periods was obtained through comparison during application.
Although the analysis in this paper is lack of the experimental result to conduct comparison to validate the analytical and numerical solution, it provides an insight into understanding the effect and equivalence of different loads applied on the asphalt pavement, which can be applied in the field of simulation and calculation related to the dynamical analysis, rutting, and fatigue life evaluation.
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